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This paper adopts a probabilistic approach to examine the effects of fibre length and
orientation distribution on the strength of short fibre composites. A general theory has
been formulated in terms of fibre length and orientation distribution function as well as
the composite geometrical and physical properties. The final result is presented in the
form of a modified “rule of mixtures”. The result has been applied to discuss several
special cases of fibre arrangements. They are (a} unidirectional short fibre composites
with uniform fibre length, (b) unidirectional short fibre composites with fibre length
distribution, (c) random short fibre composites with uniform fibre length and (d)
partially-aligned short fibre compaosites with uniform fibre length. Comparisons of the
present results with previous work are also discussed.

1. Introduction

Discontinuous fibre-reinforced composite materials
have versatile properties and are relatively inexpen-
sive to fabricate. In a typical injection moulded
material, for instance, the fibres are relatively
short, variable in length and imperfectly aligned.
As discussed by Chou and Kelly [1, 2], the
strength and failure behaviour of short fibre com-
posites are complicated by the non-uniformity in
fibre length and orientation.

The “rule of mixtures” is often used to predict
the strength of fibre-reinforced composites. For
unidirectional continuous fibre composites, under
the assumption of isostrain in the fibres and mat-
rix, the rule of mixtures becomes [3, 4]

Oy = Og Ve o;n(l - Vf):

(M

‘where 0., and og, are the ultimate strength of the
composite and fibre, respectively, V¢ denotes the
fibre volume-fraction, and o,, is the matrix stress
at the faifure of the composite.

In the case of unidrectional short fibre compo-
sites, Equation 1 is modified as follows [3, 4]

Ocu = UqufF(lc/i) + or’n (1 - Vf): (2)
Here, the factor F(l,/l) is added to take into
account the effect of fibre length, and I, and /
denote fibre critical length and average length,
respectively. If a constant interfacial shear stress

and a uniform fibre length, I, are assumed, this
factor becomes

Il

1=/ (I>1,)

1721, (I<1,).

If the fibre length is not uniform, Equation 3 must
be modified and this problem is the first objective
of this paper. It should be noted at this point that
Riley [5] and Fukuda and Chou [6] have also
dealt with the strength of unidirectional short
fibre composites. Riley took into consideration
the disturbance of fibre stress due to the presence
of a fibre end. Fukuda and Chou advanced Riley’s
idea to a general case by introducing the theory of
probability. However, in the present paper, we
focus on the geometrical arrangement of fibres and
the effect of stress redistribution is not considered.

F(le/T) 3)
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In actual short fibre composites, such as injec-
tion moulded materials or sheet moulding com-
pounds, however, there are variations not only in
fibre length but also in fibre orientation. In cases
when the fibres are misaligned, the rule of mix-
tures is further modified to [7, 8]

Oeu = Ufu_VfF(lc/i)CO + O'Iln (1 - Vf)a (4)

where the fibre orientation factor, Cy, has hither-
to been determined by experiments [7, 8] and
there has been no theory to predict this value.
However, if all necessary conditions with respect
to the fibre orientation are known, Cy can be esti-
mated through a theoretical analysis. This is
another goal of the present paper. Fukuda and
Kawata [9] derived the “coefficient of alignment”,
C,, which they used to predict the elastic modulus
of misaligned short fibre composites. Although Cy
is somewhat different from C,, the basic prob-
abilistic approach described in [9] is still useful
and it has been adopted in the present analysis.

Bader, Chau and Quigly [10], and Fukuda and
Chou [6] proposed the concept of “critical zone™
in predicting the strength of unidirectional short
fibre composites. The critical zone is defined by a
pair of planes separated by a distance I, where
is a constant less than 1 and [ is the average fibre
length, which cut across the section normal to the
applied tensile stress and fibre alignment direction.
They assumed that fibres which do not “bridge”
the zone cannot contribute to the strength of the
zone. This concept is expanded in the present
paper to a problem with variable fibre orientation
and length. It will be shown that a unidirectional
fibre model is a special case of the present general
model.

In order to deal with the distributions of fibre
length and fibre orientation, we have introduced
two kinds of probability density functions. Then
the composite strength, which is the ultimate goal
of the research, should be given in the form of a
probability density function. However, it is under-
stood that in the present analysis the composite
strength is derived only in the form of an average
value.

2. General theory
2.1. Geometrical consideration on a single
short fibre
First, the geometrical arrangement of one short
fibre is described. Fig. 1 shows an obliquely
positioned short fibre of length, /. In accordance
with the terminology of [10], a bridging fibre and
an ending fibre are defined as shown in Fig. 1b;
that is, if a fibre crosses a critical zone of width
g1, it is called a bridging fibre, and if the end of a
fibre is within the critical zone, it is called an end-
ing fibre. The probability density function of
fibre length distribution, &(J), satisfies the follow-
ing condition

[Thoa = 1. )
Then, the average fibre length is defined as
1= [Tm@ad. 6
= [ ma ®
From Fig. 1a,
1, = lcoséb. ()]

and from Fig. 1c the critical angle, 84, within which
a fibre of length [ is a bridging fibre becomes

. —\ A bridging fibre /]\
|
o 1
z T I
_Jl_ - ending fibre 8
Al - |
R 1), —= A gl 8l
(a) (b) (c)

Figure 1 Several notations on short fibre arrangement. (a) obliquely oriented fibre, (b) bridging fibre and ending fibre,

(c) critical angle.
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0o = cos™ pIfI 8)

for Bl <I. If fl >1, 8, cannot be defined, and a
fibre in such a case is inevitably an ending fibre. If
the fibres are distributed randomly with respect
to the z-azis, the probability, p,, that a fibre of
length, I, and orientation angle, 8, is an “ending
fibre” in the critical zone becomes

i lflcosd (0<6<0,andfl<I)
Pe=L T 00 <0 <n/2orfl=1),
©)
and the probability, py, for finding a bridging
fibre is, by definition,
(10)

By assuming the distribution of the fibre orienta-
tion to be symmetrical with respect to the applied
tensile load along the z-axis, the probability density
functions with respect to fibre orientation, g(6),
should satisfy the condition

Pp = 1—pe.

72
[, g@30 = 1. (11)

2.2, Load transfer in short fibre
First, a short fibre situated parallel to the applied

tensile stress, 0,, is considered, as shown in Fig.
2a. The average fibre stress is
11

o0 = 7 J, 0x(2)iz. (12)
Although there are several analyses on the fibre
stress distribution [11—13], the simplest model
[3, 4] is applied here, as shown in Figs 2b and c.
This model assumes that a constant interfactial

shear stress acts in the regions of 0<<z </,/2 and
1—1,/2 <z<. Then, oy, becomes

le
Oty (1 - 52) (l>lc)

*
Oty 210

(13)

Ogg =
i<t

The average force in a fibre is 0god¢, where Ay is
the fibre cross-sectional area.

Next, a single short fibre situated at an angle,
0, to the applied stress is considered. From the
equilibrium of applied force, the model of Fig. 3a
is equivalent to that of Fig. 3b where
(14)

0y = 0p c0s*0

and

oy (2)

(b)

(¢)

Figure 2 Stress distribution of a fibre
parallel to the applied tensile stress.
(a) actual stress distribution, (b) and
(c) simplified stress distribution.
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(b)

Figure 3 Applied stress to an obliquely oriented fibre. (b) is equivalent to (a).

(15)

where 7} is the shear stress. If the effect of 7o on
the fibre stress distribution can be neglected,
the argument concerning Fig. 2 can be applied to
an obliquely oriented fibre model by changing
only g, to o cos?. Then the average force of
the fibre becomes A4¢0¢, cos?0 and the z-direction
force component is

To = Op 8inf cosf,

F, = A0 cos® 8. (16)
2.3. Strength of short fibre composites
Based upon the above preparations, the strength
of short fibre composites can now be derived. In
the following discussion, #() and g(8) are assumed
to be independent of each other. This means that
£(0) is the sarue for all the samples with different
fibre length distributions. Suppose a rectangular-
shaped specimen with the lengths of the three
mutually perpendicular edges denoted by 4, b and
¢ is considered. The c-axis is so chosen as to be
parallel to the z-axis. The volume of the specimen
is then

V = abe, (17)

and from the definition of fibre volume-fraction,
Vi becomes

Vi = NA{/V, (18)

where N and A; denote, respectively, the total
number of fibres and the fibre cross-sectional area.

Recall that Equation 7 gives the length of the
projection of a fibre on the z-axis. Then the aver-
age length of the projection of fibres can be
written as

= h dido
I, = fo [REILIGHO)
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_ A2
=] 0g(G) cos 6 dé. (19)
The value NI, gives the total length of projection
of all the fibres on the z-axis and if this value is
divided by the specimen length, ¢, this gives the
average number of fibres which cross an arbitrary

section in the specimen normal to the z-axis.
That s,

i

jo g(®) cos§ do.  (20)

b
Nc - — abVs
c Af

Equation 9 is the probability of a specific
fibre being an ending fibre. Therefore, based upon
the assumption of constant fibre volume-fraction
in any critical zone, the average value of proba-
bility of finding an arbitrary fibre being an ending
fibre is

/2 p o0
ae =, | peh@e@ a0, @)
Similarly, the average value of the probability of
finding an arbitrary fibre to be a bridging fibre is

T/ 2po0
a =[, | pon()2) dids

(22)

Substituting Equations 9 and 10 into Equations 21
and 22 gives

= 1—ge..

0, |6l = g
qe 2‘{0 df’[fo g(e)h(l)dHLE leosgs@ MO
/20
+ Lig(e)h(z) dide (23)

and



o 0, ﬁi
® =g al, (1_55) g@)h@D . (24)

Then, the total numbers of ending and bridging
fibres in the specimen are

Ne = Nege (25)

and

Ny = Negy. (26)

Strictly speaking, the value of N, is not precise
because we have only examined one cross-section,
for example, AA’ in Fig. 1b; the fibres denoted 2
and 3 in Fig. 1b were not considered. However,
our interest is to calculate the number of bridging
fibres, which is not affected by N, in the subsequent
discussions.

Based upon Equation 16 for the z-direction
component of the axial load of one specific fibre,
the average value among the bridging fibres is

— 0, poo

F, = fo fszh () g(0) dido. (27)
Then the total load that all of the bridging fibres
can sustain in the zone fl is

Fy = Ny 'Fz (28)
and the composite strength becomes
F. '
Ocu = —- + o (1= V). (29)
a

where the matrix is assumed to sustain part of the
applied load. Substituting Equations 13, 16, 20
and 23 to 28 into Equation 29, we finally obtain

Ocu = Ofy fo g(@)cos @ d0J g(B) cos®0 do

o | r0, ﬁi
3N [ ) (1 —r— e) 2(0) da} h(@) dI
[m (z)dz+j (——)h(l)d]]

+ o (1 — V). (30)
Equation 30 is a general strength expression of
short fibre components. In order to conduct
further analysis, it is necessary to know the
functions g(8) and i (l) together with gy, O,
Veandl,.

3. Results and discussion
First, the limiting case of a unidirectional compo-

site with uniform fibre length is considered. The
condition of unidirectional fibre arrangement
requires that g(f) be a delta function at ¢ = 0.
Hence, we obtain

f:/zr(e)cose 9 = 31)
J.:Og(e)cos30 g = 1 (32)

and
f:{1 - lc[j)ise} g®)d0 = 1—fL (3

Therefore, Equation 30 is reduced to

i — le [
Oew = OsaVi jﬁi (1 — iy h(D) i “ﬁi Thoa

+f (1—I—)h(l)dl

+ oy (1— V).

(34)

Furthermore, the condition of uniform fibre
length means that / (/) is a delta function at/

[o-smioasi-s @0 o
and
Jﬁl zlh(l)dl+f (1= 1.2 h(D) dI
z{}—lc/ﬂ > o
121, (<)

Then, Equation 34 becomes

Oc = 0y Ve (1 —0) (1 "%) + Om (1= V)

a>1) (37)
and ;
O = OVt (1 _ﬁ)2_1+ len (1—=Vy
(<1,). (38)

Equation. 37 is identical to Equation 6 of [10]
although different notations have been used and
the second term of Equation 37 is omitted in
Equation 6 of [10]. Consequently, the theory of
[10] can be included in the present theory as a
limiting case.

Next, the effect of fibre-length distribution on
composite strength for a unidirectional fibre model
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is considered. We consider the limiting case of
$ -0, namely, all fibres are bridging fibres. Then,
Equation 34 becomes

Oou = ame[fl = n@y d1+f ( ——) h(l)dl]

+ o (1 —V5). 39)

The following probability density function is
chosen for a case study
hQl) = ——sm !(o §i<?2). (40)
This function satisfies both Equations 6 and 11.
Substituting Equation 40 into Equation 39, and
after some calculation, the following result is
obtained:

1 in ml, 1 il
Oou = U‘“V‘{z AL
e | o .
too-s(4)
+ 0 (1= V1), @1)

where Si(X) is the integral sine function defined by

l‘
Sll’l ( 4 2)

s =, 2
The result of Equation 41 is shown as a solid in
Fig. 4. In the case of constant fibre length, the
strength can be obtained from Equations 2 and 3
and the value is also shown in Fig. 4 by a broken
line. It can be concluded from Fig. 4 that the
strength of a composite material is reduced if the
fibre length is not uniform. However, the difference
between the present result and the ordinary theory
is not very great and, hence, the ordinary theory
may be used as a first approximation.

As another example the strength prediction
based upon Equation 30, we examine the orienta-
tion factor, Cy, for random array composites. The
fibre length is assumed to be uniform and is larger
than I,. These assumptions lead to

1e [

— h(l = 0,
ﬁl2l Gd

(43)

- L I
flc (1—5) RO A = 1—1 )0  (44)

and

f; [jf(l —%—) £0) d()] K1) dl

(% (= A
- (1 cosg)g(ﬂ)d@ (45)

Then Equation 30 becomes

I
Oou = OV (1»—7'*[)[ £(8) cos 6 do

0, 3 By __B_
x! g(@)cosedejo(l cose)’

xg(8) dd + ol (1 — V7). (46)

By comparing Equations 4 and 46, we arrive at
the following expression for Cy:

/2
Co = | 2(8) cos 6 a6 % ¢(6) cos*0 d6

6, B
X (1—@) g(9) do.

We consider both two-dimensional and three-
dimensional random arrays. In a two-dimensional
random array model, g(8) must be constant in the
whole region of 0 <8 <7/2. Then we can get

@47

Figure 4 Effect of fibre length
on composite strength, F(/l).

b
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2 Solid line: fibre distribution is
considered; broken line: fibre
length is assumed to be constant.



0.4

0.3

Figure 5 Fibre orientation fac-
tor, C,, of random array model.
Solid line: two-dimensional
random array; broken line:
three-dimensional random array.
Circled dot and squared dot are
Cox’s result.

0 0.0l 0.1

g@) = 2/n (48)

from Equation 11. Substituting Equation 48 into
Equation 47 gives

2
Co = %—2—%&(1 —52)”2% [COS"B
1 1+(1 _ﬁ2 1/2
_—2~ﬁ log :ET:ET;{E} (49)

The solid line of Fig. 5 depicts this result. At the
limit of § > 0, C, tends to 2/3(2/r)* = 0.270. On
the other hand, Bowyer and Bader [7] used the
value of 1/3 by quoting the result of Cox [11].
However, it should be noted that Cox obtained
this value in calculating the orientation factor for

the Young’s modulus of a random composite.
Cox’s value is also shown in Fig. 5 by a circled dot.

In the case of a three-dimensional random array
model from Fig. 6, g(8) can be expressed as

2(0)do = ds/s

and, therefore,

(30)
g(0) = sing. (&3))
In this case, Equation 47 becomes

Co = $ (1—B*)(1 +8*)(1—B+pBlogh). (52)

This value is also shown in Fig. 5 by a broken line,
At the limit of §~ 0, C, becomes 1/8 and this
value is again a little smaller than Cox’s result of

Figure 6 Some notations concerning the
surface of a unit sphere.
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1/6 (see Fig. 5). In both two- and three-dimensional
cases, our results are smaller than those of Cox’s
for the effective moduli of short fibre composites.
The significance of this difference is open to
future discussions.

It is rare in short fibre composites to find that
all fibres are aligned unidirectionally. It is also rare
that fibres are randomly oriented. The present
theory is now applied to the intermediate fibre
orientation. In order to avoid the complexity of
a general model, we again start from Equation 47,
that is, the fibre length is assumed to be constant.
The following two types of fibre orientations are
considered:

(@)g@) =1/c in 0<f<a and g@)=0 in
0>«

) g@)=n/2ccosnf/2a in 0<O<qa and
£@)=0in0 >a.

These functions are taken so as to satisfy
Equation 11 and the shapes of these functions are
shown schematically in Fig. 7. Note that g(8) does
not mean the probability per unit area. The pro-
bability per unit area is proportional to g(6)/sin 6.
The limit of §—0 is again considered. At this
limit, 8, tends to /2 from Equation 8. Consider-
ing this condition, Cy is calculated from Equation
26 for the two types of g(0) given above.

For Type a

inal(1 3
Jim Co = > aa;(—l—z—sin3a+zsin c). (53)
For Type b
1 T
lim = — in—(1+
535 Co 16 [1+qsmz(1 a)
+ l_qsin—;—(l—q)]
3 .7
[l+qsm2(l+q)
3
+ sinf—(l—q)
— 2
+ 1 sin£(1+3 )
1+3¢ 12 q
+ sin = (1 — 3¢) (54)
1—3¢ "2 D)

where g = 2a/n. These values are shown in Fig. 7.
Bower and Bader [7] estimated the value of C,
which corresponds to €, of the present paper,
by their experimental data. For laboratory glass—
nylon injection-moulded materials, C, was 0.66.
If we use a rectangular distribution for g(8), the
value «, corresponding to Cy = 0.66 is approxi-
mately 45° from Fig. 7. Although the distribution

a{deg)

Figure 7 Value of C, for two types of distributions of fibre orientation.
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of fibre orientation is not reported in [7]. Fig. 1
of [7] provides us with some useful information.

Fig. 1 of [7] shows the longitudnal section
through an injection-moulded glass—nylon speci-
men. If a fibre is inclined at an angle, 6, from the
longitudinal axis of the specimen, an ellipse of the
obliquely cut section of the fibre will appear in the
figure. The ratio of the major axis to the minor
axis of this ellipse is 1/sin 8. If we can determine
g(0) from specimen cross-sections, Cp can be
calculated using Equation 30 in the general case or
Equation 47 in the case of uniform fibre length.
We have taken the reversed route, that is, knowing
the C, value, the scattering of fibre orientation
was estimated under the assumption of g(#)
being rectangular. Although further guantitative
discussions are difficult at the present stage
because of the lack of rigorous experimental
information, our theory is useful for estimating
Co.
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